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ON THE PERIODIC RESONANT SOLUTIONS OF THE HAMILTONIQN SYSTEMS
GENERATING FROM THE POSITION OF EQUILIBRIUM

A.P. MARKEEV and T.N, CHEKHOVSKAIA

A method is proposed of constructing and investigating the stability of periodic
solutions of a canonical system of differential equations generating from the posi-
tion of equilibrium. It is assumed that the system is almost autonomous and that

a resonance exists in the forced oscillations. The investigation is based on apply-
ing to the Hamiltonian function a series of canonical changes of variables contain-
ing a small parameter. These changes make it possible to pass, in the finite
approximation with respect to the small parameter, from the initial nonautonomous
system with » degrees of freedom to an autonomous system with one degree of freedom.
A constructive procedure is given for formation and study of the periodic solution,
requiring only the computation of the coefficients of the normal form of the Hamilton-
ian function.

1. Let us consider a system of canonical differential equations

dE, oT du, iy :
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Here &, M: are the canonically conjugated coordinates and impulses, and ¢ is an independent
variable. We shall assume that the Hamiltonian function I depends on the small parameter p.
When p =0, it determines the autonomous system of differential equations with the position
of equilibrium § ==m; = 0. Let the function I' be also analytic relatively to §;, wW; and p in
the neighborhood of their zero values, where it can be written in the form

D =T, + Ty Iy ply + ... (1.2)
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In the Hamiltonian (1.2) the dots denote terms of at least third order in p, §, m; and at least
fifth order in &, M: ; the coefficients V..vyu.u, 4k Br @ B are constants and v, p; are
nonnegative integers., We assume that when M = ( , then the system (l.1) contains no reson-
ances up to and including the fourth order, i.e. that the following relation holds:

n n
Dm0 (0 D) |my| < 4) (1.3)
i=1 i=1
for all integral m; satisfying the inequality within the brackets. Here ®; denote the eigen-
frequencies of the system linearized in the neighborhood of the position of equilibrium and
defined by the Hamiltonian T',. Then a real canonical transfoxrmation &M —>qi Py I' - H
exists analytic in §,"; and reducing the Hamiltonian function (1.2) to its normal form /1,2/:
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H=Hy,+Hy+ pHy+ ... (1.4)

n n
s 1 . 4
H,= —f;j E 0;0; (g;° + p¥) Ha= e Z L (g2 + p) (e + p;%)
i, 3=1

=i
Hy= H‘”SE Ay sin kt ~ H® a}_‘; By cos kt
1 rosl

n

HY = z (aaq + bap) (s=1,2)

=],

Here li;; 45 by are constants coefficients and [j; = l;;, and the quantities o; = 11 are obtain-
ed in the course of normalization of T,.

Let us first consider the system described by the Hamiltonian function H, -+ pH; (p = 0).
Then the corresponding equations are linear and admit the following particular periodic solu-
tion:

ot

a*=p L oy [oian Ay + kb By) sin kt + (0,0400; By — kbuAx) cos kt| (1.5)
k=1 i

pi* = 2 «gz——‘g—ﬁ)—a- {(GimibnAk b kagiB&} sinkt -+ (Oimibgin -+ kauAk) CO8 kt}
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From this it follows that if the frequency w©,,= N, where j,is a natural number, and at least
one of the guantities

j((’m) —— GmAN..blm + Bngmm: & (Gm) = OpANdim + Bybam (1.6)

does not vanish, then the formulas (1.5) do not describe the motion in a linear system. In
this case we have a resonance in the forced oscillations.

The problem of constructing periodic solutions in the case of a resonance appearing in
the forced oscillations has been studied in great detail in /3-—11/for the generxal type of dif-
ferential equations systems. Below we propose a method of analysing the periodic solutions
of the Hamiltonian systems which are almost autonomous, An algorithm is given for construc-
tion and study of periodic solutions, based on the normalization of the Hamiltonian function.
The analysis of the solution requires only the knowledge of the coefficients of the normal
form. Moreover the problem of normalizing the Hamiltonian function does not present any dif-
ficulties. The classical Birkhoff algorithm /1/ is well known. At present the DePree —Hori
normalization algorithm is widely used. A number of programs have been written for this
algorithm, for computing the coefficients of the normal form on a digital computer (*). We
note that the problem of investigating the periodic seolutions of the almost autonomous
Hamiltonian systems was studied earlier (**) under the assumption that the Hamiltonian func-
tions have symmetry properties.

2, Let w, =N,+e{le|<€1) and o; (i =1,...,n {5 m) have no integers, and let at
least one of the gquantities (1.6) be nonzerc. To obtain a periodic solution in this resonant
case, we must take into account the terms of the equation of motion nonlinear in ¢; and pi.
We perform, in the system with the Hamiltonian (l.4), the variable change ¢; =¢* + ¢, pi =
pi*+p’ (i=1,...,n) where ¢;*and p;* are given by the formula (1.5) and the terms containing
k = N, are eliminated from the sums (1.5) where i=m , The above variables change cancels
in the Hamiltonian #, the nonresonant terms (of frequency different from N,). In the variables
g, pi’ the Hamiltonian function assumes the following form:

- R 2 1 - E: 2 5 2
Hr—-”-‘;—zmmi(% 0 Z L@+ p e + 00 + (2.1)
=1 i, j=1

p [An, (@1m@m — BimPm’) sin Vot 4

By, (@308’ = bamPe’) cOs Notl 4= . . .

*) Markeev A.P. and Sckol'skii A.G. Certain computational algorithms for normalizing the
Hamiltonian systems. Preprint In-ta prikl. matematiki Akad. Nauk SSSR, Moscow, No.3l, 1976.
**) Sazonov V.V, and Sarychev V.A. Periodic solutions of the almost autonomous systems of
ordinary differential eguations. Preprint In-ta prikl. matematiki Akad. Nauk SSSR, Moscow, No.
90, 1977.
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In the approximate system with the Hamiltonian (2.1) in which we neglect all terms which have
not been written out, we have the solution ¢;'=p;"=0 (i==1,....nii3% m), and the variation
ingy and pm is determined by the Hamiltonian function
‘' ”oy 2y 1, 2 2 2.2
H' = 1/2 Um(‘)m(qm T Pm )"F‘ 1/4 lmm (qm -~ Pm )ﬂ + ¢ )
pl4n, (@1m@m - b1mPm’) 8in Not -+ By, (@2mfm’ -+ DampPm’) 008 Not]

Passing to polar coordinates in accordance with the formulas ¢, = V?sin @, Pm’ :focos Y, we
obtain (2.2) in the form

H = 0p@p + Lpm® -+ o0V 201 (—1) sin (¢ -+ Not) + (2.3)
g (—1)cos (p -+ Nty -+ F (+1) sin (¢ — Nt} + g (+1) %
cos (@ — Ny &)l
where the quantities f (o), g (0,) (0, = +1) are obtained from the formulas (1.6).
The variable change 7, ¢ —p, 8§ defined by the generating function

S pp—uZm 2 (g (o) sinp + ouNed) — | (— om) 08 (¢ - aa¥ed)]

9

according to the formulas
ay 9 a8
r op ? dp

eliminates from the Hamiltonian (2.3) the terms containing sin (¢ -+ o,Vot), €08 (@ + 0,N). In
the variables p, 8 the approximate system has the following Hamiltonian:

H = 6,,0mp + Lump? + Yo¥ 2p 8 cos (8 — 0Nt -+ 6) (2.4
P f g {5y
8=V 7 (o) T £ (Om)> sinegzv—(—“g—'"—, cos g = ——"

Further, the substitution p =R, § =1y 4 0,N¢ — 6, yields the autonomous system

dRr IR . & ) [ (2.5)
—_= 5 V2 sin 1, —}pt—=ome+21mm3 —%pmcosw
with Hamiltonian function
H = 0peR -+ LynR® + Y,p)/ 2R 6 cos (2.6)

If the solution R, §, of the system (2.5) corresponds to the position of equilibrium, then we
obtain the following 2n-periodic solutions in the variables ¢, and p; :

g’ = V2Rgsin (0Nt + o —80) 4. .. g7 =0+ .. 2.7)
(i=1,..., n is=m)
Pl = V ZByc08 (5, Nt +9, —8) + ..., p>=0+ ...

From {2.5) it follows that iy, = 0 or P, = %, and R, satisfies the equation

2 4 ;ﬁi—zﬂ—fﬂﬁs—:‘) (zcos o=V 2Ry)
m mm

m

(2.8)

where we assume that the coefficient l,, = 0.
In what follows we shall limit ourselves to investigating the periodic solutions passing,
at 4 == 0, to the position of equilibrium & = M; = 0 of the generating system. Equation (2.8)
has either one, or three real roots, depending on whether its discriminant
1 p2 St )
D=—e | o -
l%nm K 145 Z7lmm /
is positive or negative, respectively. From (2.7} and (2.8) it follows that when D <0 {D > 0),
then three (one) 2n-periodic solutions {solution) exist(s). The equation of the branching
curve D =0 has the form
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¢ 41/
lpl:?’}? ——my (Gmsl,,,,,,<0) (2.9)

The Fig.l depicts schematically the curves D =0 in the para-
meter planeeg, p (0,=-1). Solid lines depict the curvesatl,, << 0,
and the dashed lines at [, >0. The shading shows the domains
of existence of three periodic solutions.

Taking into account the notation introduced above, we can
finally write the 2n-periodic solutions (2.,7) in the form

. Im’ = 28in (OpNot —B8y) =~ ..., ¢°=0-1... (2.10)
Fig.l E=1, ..., n; is=m)
Pm’ =2¢05 (0ot —0)) 4+ ..., p°=0+4+...

where 0, and # are given by the formulas (2.4) and equations (2.8) respectively.

The expression (2.10) contains, in the explicit form, only the principal (of the orxder
of W/) terms, and repeated dots denote the terms of the order of at least p'». To include in
(2.10) terms of the order of pu"’s and higher, we must restore in the Hamiltonian function (1.4)
the neglected terms of the order of 't and higher respectively. If the coefficient l,, in
the Hamiltonian function H; of (1.4) is zero, then a sixth order form in §;, M must be includ-
ed in the Hamiltonian (1.2). In terms of the normal coordinates ¢; and p; this form is

n
Hi=—4 Y (el +p®@? +p) @ = o)

i, j, k==l

In addition, we must demand that, when p = 0, then the system (1.1l) be free of resonances of
up to and including the sixth order. Carrying out the computations analogous to the case
lnm %0, we obtain the following equation for gz from (2.10):

458 2u0
2%+ m_z =0
3l'mmm + 3lmmm

3. A strict proof of the formal procedure of constructing the periodic solutions given
in Sect.2 can be carried out with the help of the Poincaré's small parameter method /3-—5/.
It was found that the 2a- periodic solutions (2.10) of the system (l.l) constructed formally
with the help of the normal forms, in the presence of resonance in the forced oscillations and
for sufficiently small in module values of p , indeed exist for all values of the parameters
of the problem included in the discussion, except perhaps the branching curve D=0 given by
formula (2.9). No other 2a-periodic solution passing at M =0 to the solution § =n =0
exists in the system (1.1).

We note that in the paper /4/, while studying periodic solutions in the systems close to
the Liapunov systems, it was assumed that the quantity & = 0, — N, was of the order of pwhen
a resonance was present, and the existence of a unique periodic solution passing at p =0 to
the position of equilibrium of the generating system, was established. In the present case we
have either one, or three periodic solutions. The disparity in the number of periodic solu-
tions is caused by the fact that here the parameters p and ¢ are assumed independent. Three
periodic solutions exist in the case when € is of the order of p“* If ¢ is of the first order
with respect to [, then the system (1.1) has, at sufficiently small in module values of M
only one periodic solution obtained in /4/.

4. Let us consider the problem of stability of the periodic solutions (2.10), restrict-
ing ourselves to analysing the stability in the linear approximation. In the process of con~
structing the periodic solutions (2.10) we have assumed that when p = 0 , then the system (1.1)
has no first order resonances except w, = N, In considering the problem of stability we
shall also assume that the system (1.1} has also no second order resonances when p =0, i.e.

0,0; + 0;0; %= =N (N=1,2,..54j=1,...,n) (4.1)

and in the case i =) we have | m. This implies the absence of multiple resonances in the
system, hence the stability of periodic solutions described by the formulas (2.10) will be



26 A.P. Markeev and T.N. Chekhovskaia

determined by the part of the Hamiltonian function of perturbed motion depending on the vari-
ables with index m. We study the stability by introducing the variables ¢” and p” with help
of the formulas g" = ]/ZR siny, p” = ]/ZR cos . The Hamiltonian function (2.6) now assumes the
form

" " pr "4 prie & .
H =Um8q '+2‘P "i‘lmm(q —;—P >+%‘p (4.2)

and the equilibrium solution of the system (2.5) can be written in the form
g’ =0, p'= l/ﬂi_o cosPp=1z

Carrying now in the Hamiltonian (4.2) the variables change according to the formulas
¢" =y, p"=p" +Y, we obtain the part of the quadratic form of the Hamiltonian function of
perturbed motion, which depends on the variables with index m , in the form

H-z' = 1/‘1 <0m€' - lmmpﬂﬂa) y2 + 1’;2 (O—m8 + 3lmmp0”2> y?

From this it follows that the necessary and sufficient condition for the stability of the per-
iodic solutions (2.10} in the first approximation, in the absence in the system of resonances
of the type (4.1), is that the following inequality holds:

(Gm e+ lmng) (OmS + 3lmmz2) > 0 (4.3)

where z is given by (2.8). From the condition (4.3) it clearly follows that in the case of
an exact resonance {i.e when & = 0), a unique periodic motion described by the formulas (2.10)
is always stable in the first approximation.

Let &% 0. 1If Omelmm >0 (i.e. D> 0), then (4.3) implies that the unique 2n~-periodic
solution existing in this case is always stable. The case 0,¢&l,, <  should be investigated
by the simultaneous study of the condition (4.3) and equation (2.8). Let us give 2 brief
description of the results of investigating the stability of periodic solutions described by
the formulas (2.10). If D >>0,. then the unique periodic solution which exists, is stable
for any value of & WhenD <0, three periodic solution (2.10) exist, with the amplitudes
2| (¢ =1,2,3). We shall assume that 2, > 2, > Z3. Then for pl,, >0 the periodic solution
12.10) with amplitude | 2| is unstable, and solutions with the amplitudes |25 ] | 23] are
stable. If pl,,<C0, then the periodic solutions with the amplitudes 121}, | 22| are stable and
the solution with the amplitude |z3\ is unstable. The results of investigating the stability
of periodic solutions (2.10) are shown in the Fig.l in the plane of parameters &, j (0,=-1).
The crosshatched regions have three periodic solutions. When e and p are in region 3a, the
periodic solution with the amplitude |%,| is unstable and those with the amplitudes |2 | |z:]
are stable. In the regions 3b on the other hand, the periodic solutions with the amplitudes
|2y |y | 2, jare stable, and that with the amplitude | z; { is unstable. On passing across the branch
curves D =0 from the crosshatched region of parameters €, p into the regions 1, the un-
stable and stable periodic solutions merge at the branching line and vanish in the regions 7.

5. In conclusion we shall describe, step by step, the procedure of constructing and in-
vestigating the stability of periodic solutions in the case of a resonance present in the
forced oscillations.

1) determination of the problem's parameter values eliminated from the discussion, for
which the initial system (1.l) has resonance relations of up to and including the fourth power,
described by the formulas (1.3), (1.4) and (4.1);

2) normalization of the forms T, [';, I';of the Hamiltonian (1.2) (determination of the co-
efficients dagm, bsm and l,.);

3) computation of f and g by means of the formulas (1.6);

4) determination of the quantities sin 6,, cos 8y, 8 using the formulas (2.4);

5) derivation of the branching curve equation using the formula (2.9);

6) determination of the amplitude {2 |of periodic solutions (2.10) using the equation (2.8);

7) computation of the resonant periodic solutions from the formulas (2.10);

8) computation of 2m -periodic solutions in the initial variables §&;, w

9) determination of the stability in the first approximation of periodic solutions obtain-
ed using Sect.4 and the Fig.l.
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